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We consider d > 4-dimensional space-times which are asymptotically flat at spatial 
"^q" ■ infinity and show that, in the first order framework, the action principle is well- 

defined without the need of infinite counter terms. It naturally leads to a covariant 
phase space in which the Hamiltonians generating asymptotic symmetries provide the 
total energy-momentum and angular momentum of the isolated system. This work 
^ ■ runs parallel to our previous analysis in four dimensions [1]. The higher dimensional 

■ analysis is in fact simpler because of absence of logarithmic and super translation 

t^j- , ambiguities. 
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I. INTRODUCTION 



>- ■ The motivation and underlying ideas of this paper are the same as that of our earlier 



analysis in 4 dimensions [1] . However, for completeness, we will summarize the main points. 

In most field theories the action depends only on fundamental fields and their first deriva- 
tives. By contrast, the Einstein- Hilbert action of general relativity depends also on the 
second derivatives of the fundamental field, the space-time metric g. As a consequence, 
stationary points of this action do not yield Einstein's equations unless both the metric and 
its first derivatives are kept fixed at the boundary; strictly we do not have a well-defined 
variational principle. To remedy this situation, Gibbons and Hawking [2, 3] proposed that 
we add a surface term to the Einstein Hilbert action. We are then led to 



Seh+ghG?) = ^-( f Rd d V + 2 / Kd^V + c] . (1.1) 

lK \J M JdM J 

Here k = 8nG, M is a <i-manifold representing an appropriate portion of space-time, dM 
its boundary, R the Ricci scalar of the metric g, K the trace of the extrinsic curvature of 
dM, and C is an arbitrary function of the metric h induced on dM by g. 

Let us restrict ourselves to cases where g has signature (-,+,...,+), is smooth and 
globally hyperbolic. We will let M be the space-time region bounded between two Cauchy 
surfaces. If M is spatially compact, by setting C = 0, we obtain a well-defined variational 
principle. However, in the asymptotically flat case, it is well-known that this strategy has 
some important limitations (see e.g., [4]). In particular, the action is typically infinite even 
'on-shell', and indeed even when g is the Minkowski metric. To remedy this problem, Gib- 
bons and Hawking [2, 3] proposed an infinite subtraction: Carry out an isometric embedding 
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of (dAi, h) in Minkowski space, calculate the trace K of the extrinsic curvature of dAi de- 
fined by the Minkowski metric, and set C = —K Q . However, the required embedding does 
not always exist. For, in a <i dimensional space-time the metric h on the boundary dAi has 
[d(d — l)/2] — [d — 1] degrees of freedom (after removing the diffeomorphism gauge) while 
the choice of embedding provides a freedom worth only one function on dAi. Thus, even 
at this heuristic level, if d > 4 the freedom is not sufficient whence this infinite subtraction 
procedure will not work for generic metrics g. 

Over the last few years, a new set of proposals for infinite counter terms C have appeared 
in the literature. In particular, Kraus, Larsen, Siebelink [5] have constructed a counter-term 
using a (non-polynomial) function of the Ricci curvature of the boundary. Mann and Marolf 
[4] have introduced a counter-term which is closer to the spirit of the Gibbons-Hawking 
proposal. They replace K Q with the trace of a tensor field K ab which generalizes the extrinsic 
curvature K° h of dAi with respect to the Minkowski metric, used by Gibbons and Hawking, 
to situations in which the boundary can not be isometrically embedded in Minkowski space. 
Not only do these improved actions S imv lead to well-defined action principles, but they also 
overcome another limitation of the original proposal: Now 5S- 1UiV> = at asymptotically flat 
solutions for all permissible variations 5. 

Since we are dealing just with classical field theories with smooth fields, one might wonder 
if there is a way to avoid infinite subtractions altogether and construct an action principle 
which is manifestly finite from the beginning. The first goal of this paper is to show in some 
detail that this is indeed possible if one uses a first order framework based on orthonormal 
frames and Lorentz connections. The second goal of the paper is to use this action to con- 
struct a covariant Hamiltonian framework by keeping careful track of boundary conditions. 

If d > 5, the super translations and logarithmic translations encountered in the d — 4 
[1] case are absent: the asymptotic symmetry group is the Poincare group even with the 
'obvious' choice of boundary conditions. Heuristically, the difference can be understood 
as follows. Since the solutions to the Poisson equation in d-1 spatial dimensions fall off 
at spatial infinity as l/r d ~ 3 , to obtain non-zero mass at spatial infinity, we have to allow 
metrics which approach a flat metric only as l/r d ~ 3 . If d=4, the resulting 1/r fall-off makes 
the asymptotic symmetry group infinite dimensional because of possible super translations 
[6-9] and logarithmic translations [10]. The boundary conditions needed to remove these 
potential asymptotic symmetries are subtle (see [1] for a concise summary). In d > 5, 
the l/r d_3 deviation from flat space do not allow these extra symmetries and the group of 
asymptotic symmetries is naturally the Poincare group. The only subtlety is that for the 
Hamiltonians generating boosts to be well-defined, one has to impose a 'reflection symmetry' 
condition on the leading, 1 / r d ~ 3 part of permissible metrics (more precisely, of ortho- normal 
frames). Thus, overall, the higher dimensional analysis is considerably simpler than that in 
four space-time dimensions. 

The paper is organized as follows. In section II we introduce the Lagrangian and Hamilto- 
nian framework using the first order framework. In section III we calculate the Hamiltonians 
generating these Poincare symmetries. Our approach has several similarities to that used 
by Mann, Marolf, McNees and Virmani [4, 11, 12]. However, there are also two significant 
differences. First, we use a first order — rather than a second order — framework, thereby 
avoiding infinite counter-terms altogether. Second, our boundary conditions are weaker 
in the sense that we do not require that the space-time metric have an asymptotic 'Beig- 
Schmidt expansion'. On the other hand we require that the coefficient of the leading, l/r d ~ 3 
part of the frame field be reflection symmetric. We are not aware of a complete Hamiltonian 
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treatment in absence of this (or analogous) condition. 



II. ACTION AND THE CO VARIANT PHASE SPACE 

Our basic gravitational variables will be co-frames and Lorentz connections A 1 ^ on 
space-time M. Co-frames e are 'square-roots' of metrics and the transition from metrics to 
frame fields is motivated by the fact that these frames are essential if one is to introduce 
spinorial matter, is an isomorphism between the tangent space T p (Ai) at any point p 
and a fixed internal vector space V equipped with a metric f]u with Lorentzian signature 
( — h ..+). The internal indices can be freely lowered and raised using this fiducial r\u and 
its inverse rf J . Each co-frame defines a space-time metric by g a b :— e^e^rju which also has 
signature ( — h ..+). Then the co-frame e is automatically orthonormal with respect to g. 
Since the connection 1-forms A take values in the Lorentz Lie algebra, A 1 ^ = —A 3 J. The 
connection acts only on internal indices and defines a derivative operator 

D a ki := o A;j + A aI J kj , 

where d is a fiducial derivative operator which, as usual, will be chosen to be torsion-free 
and compatible with rjij. As fundamental fields, e and A are independent. However, the 
equation of motion of A implies that A is compatible with e, i.e., is fully determined by e. 
Therefore, boundary conditions on A will be motivated by those on e. 

In the Lagrangian and Hamiltonian frameworks we have to first introduce the precise 
space of dynamical fields of interest. Let us fix, once and for all, a co-frame e J a such that 
9ab = Vu ° e a\ ° e b 1S an d d[a ° e i] — 0. The cartesian coordinates x a of g° ah and the associated 
radial- hyperboloid coordinates (p, $*) will be used in asymptotic expansions near spatial 
infinity. 

Detailed analysis shows that to define the Lorentz angular momentum has to admit an 
expansion to order d — 2 (see Sec. Ill B). Therefore, we will assume that e J a can be expanded 
as follows: Setting n — d — 3, 

e = „(#) + JL1 + -i^i + „(_) (2.1) 

where the leading non-trivial term, ™e( ( l ) ), is assumed to be reflection symmetric and where 
the remainder o(p~ m ) has the property that lim^oo p m o(p~ m ) = 0. 

Since the equation of motion for A implies that A is compatible with e, without any loss 
of generality we can require that, in the expansion near spatial infinity, A 1 ^ is completely 
determined by e £ a to appropriate leading orders. This leads us to require that A 1 / have the 
following asymptotic behavior: 

A = °A($) + ^ffl + ... + Tt+2A ff ) + o(p n+2 ) (2.2) 
p p n+z 

where °A — ... — n A — and n+l A is given by 

n+l A U^ = 2p n+l q[J ^ p -n) ^ 

(In spite of the explicit factors of p the right side is in fact independent of p because d a n e ~ 
p _1 x (angular derivatives of ™e).) We will not need the corresponding expression of n+2 A in 
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terms of e and therefore demand compatibility between A and e only via (2.3). Appendix A 1 
shows that the boundary conditions are readily satisfied by the ci-dimensional Schwarzschild 
solution. 

A. Action Principle 

Consider as before the ci-manifold M bounded by space-like surfaces M 1 and M 2 . In this 
section we will restrict ourselves to the case d > 4; for the case d = 4 see [1]. We will consider 
smooth histories (e, A) on M such that (e, A) are asymptotically flat in the sense specified 
above, and are such that Mi, M 2 are Cauchy surfaces with respect to the space-time metrics 
g defined by e, and the pull-back of A to Mi, M 2 is determined by the pull-back of e. The 
last condition is motivated by the fact that, since the compatibility between e and A is an 
equation of motion, boundary values where this compatibility is violated are not of interest 
to the variational principle. Finally it is convenient to partially fix the internal gauge on the 
boundaries. We will fix a constant, time-like internal vector n 1 so that <9 a n 7 = and require 
that the histories be such that n a := n I e a I is the unit normal to Mi and M 2 . 

The first order gravitational action on these histories is given by (see e.g. [13-15]) 

S(e,A) = -±[ Z IJ AF IJ + ^[ Z IJ AA U , (2.4) 

where the o?-2-forms S /J are constructed from the co-frames and F is the curvature A: 

jd^y. e UK...Le K A... Ae L and Fj J = dAj J + Aj K A A K J 

As in more familiar field theories, the action now depends only on the fundamental fields 
and their first derivatives. Although the connection A itself appears in the surface term 
at infinity, action is in fact gauge invariant. Indeed, it is not difficult to show that the 
compatibility between the pull-backs to Mi and M 2 of e and A and the property d a n l = 
implies that, on boundaries Mi and M 2 , S /J A Ajj = 2K d ~\ where K is the trace of the 
extrinsic curvature of M\ or M 2 and d ~ l e is the volume element thereon (see e.g., section 
2.3.1 of [16]). Thus, on Mi and M 2 , the surface term in (2.4) is precisely the Gibbons- 
Hawking surface term with C = in (1.1). Therefore, these surface contributions are 
clearly gauge invariant. This leaves us with just the surface term at the time- like cylinder 

at infinity. However, since e has to tend to the fixed co-frame °e at infinity, permissible 
gauge transformations must tend to identity on r^. Since the surface integral on r M involves 
only the pull-back of A to r^, it follows immediately that this surface integral is also gauge 
invariant. Note also that on this term is not equal to the Gibbons-Hawking surface term 
(because d a d p falls off only as 1/p). Therefore, even if we were to assume compatibility 
between e and A everywhere and pass to a second order action, (2.4) would not reduce to 
the Gibbons-Hawking action with C — 0. It is also inequivalent to the Gibbons-Hawking 
prescription of setting C = K because, as we now show, (2.4) is well-defined although it 
does not make any reference to an embedding in flat space. 

Our boundary conditions allow us to rewrite this action as 



S(e,A) = — I dSAA-SAAAA 
2k Jm 



(2.5) 
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Boundary conditions also imply that the integrand falls off as p 4_2d . Since the volume 
element on any Cauchy slice goes as p d ~ 2 dpd d ~ 2 &, the action is manifestly finite even off 
shell if the two Cauchy surfaces Mi, M 2 are asymptotically time-translated or even boosted 
with respect to each other. Such space-times M. are referred to as cylindrical slabs and 
boosted slabs, respectively. 1 

It is easy to check that the functional derivatives of the action are well defined with 
respect to both e and A on our class of histories. Variation with respect to the connection 
yields DH = 0. This condition implies that the connection D defined by A acts on internal 
indices in the same way as the unique torsion-free connection V compatible with the co- 
frame e (i.e., defined by V a e\ — 0). When this equation of motion is satisfied, the curvature 
F is related to the Riemann curvature R of V by 

fab — tiab e c e d . 

Varying the action with respect to and taking into account the above relation between 
curvatures, one obtains Einstein's equations G a b = 0. Inclusion of matter is straightforward 
because the standard matter actions contain only first derivatives of fundamental fields 
without any surface terms and the standard fall-off conditions on matter fields imply that 
the matter action is finite on cylindrical or boosted slabs even off shell. 



B. Covariant Phase Space 

We will now let M be R d . The covariant phase space T will consist of smooth, asymptoti- 
cally flat solutions (e, A) to field equations on M.. (In contrast to section II A, the pull-backs 
of (e, A) are no longer fixed on any Cauchy surfaces.) Our task is to use the action (2.4) to 
define the symplectic structure Q on this T. 

Following the standard procedure (see, e.g. [17]), let us perform second variations of the 
action to associate with each phase space point 7 = (e, A) and tangent vectors Si = (Sie, 5\A) 
and 82 = (8 2 e, S 2 A) at that point, a 3-form J on A4, called the symplectic current: 

J(r,Si,5 2 ) = -^- [8iZ IJ A8 2 Arj-8 2 Z IJ ASiAu}. (2.6) 
Ik 

Using the fact that the fields (e, A) satisfy the field equations and the tangent vectors 81, 5 2 
satisfy the linearized equations off (e,A), one can directly verify that J('~f;8i,8 2 ) is closed 
as guaranteed by the general procedure involving second variations. Let us now consider a 
portion M! of A4 bounded by two Cauchy surfaces M 1; M 2 . These are allowed to be general 
Cauchy surfaces so M' may in particular be a cylindrical or a boosted slab in the sense of 
section III A. Consider now a region 1Z' within Ai', bounded by finite portions M{,M2 of 
Mi and M 2 and a time-like cylinder r joining dM[ and dM 2 . Since dJ = 0, integrating it 
over 1Z' one obtains 

/ J+ f J+ [ J = (2.7) 



In specifying our boundary conditions on e, A, we set n — d — 3. If we restrict ourselves only to the issue 
of finitcness of the action, we can weaken these conditions. The action is finite if n > in the case of 
boosted slabs, and n > for cylindrical slabs. We introduced stronger requirements to ensure that the 
Hamiltonian framework and conserved charges are well-defined. 
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The idea is to take the limit as r expands to the cylinder at infinity. Suppose the first 
two integrals continue to exist in this limit and the third integral goes to zero. Then, in the 
limit the sum of the first two terms would vanish and, taking into account orientation signs, 
we would conclude that f M J is a 2-form on T which is independent of the choice of the 
Cauchy surface M. This would be the desired pre-symplectic structure. However, the issue 
of whether the boundary conditions ensure that the integrals over Cauchy surfaces converge 
and the flux across vanishes is somewhat delicate and often overlooked in the literature. 2 
If either of these properties failed, we would not obtain a well-defined symplectic structure 

on r. 

Let us first consider the integral over the time-like boundary r. As r tends to t^, the 
integrand J a ..bc£ a " bc tends to 

(2.8) 

where e°"" bc is the metric compatible (rf-l)-form on r. Since the volume element on r goes 
as p d ~ l = p n+2 , the integral of the symplectic flux over is zero. 

The next question is whether the integral over Mi (and M 2 ) continues to be well-defined 
in the limit as we approach Mi (resp. M 2 ). The leading term is again given by the integral 
of (2.8) over Mi, the only difference being that e ab '" c is now the metric compatible (rf-l)-form 
on Mi. Since the volume element on Mi goes as p d ~ 2 dpd d ~ 2 $, a power counting argument 
shows that the integrand of this leading term falls off as p 3 ~ d . Thus, because of our boundary 
conditions, we are led to a well-defined pre-symplectic structure, i.e., a closed 2-form, on T 

V(Si, 5 2 ) = ^- [ Tr [SiH A 5 2 A - 5 2 S A S ± A] , (2.9) 
2k Jm 

where M is any Cauchy surface in M. and trace is taken over the internal indices. Q is 
not a symplectic structure because it is degenerate. The vectors in its kernel represent 
infinitesimal 'gauge transformations'. The physical phase space is obtained by quotienting 
T by gauge transformations and inherits a true symplectic structure from Q. We will not 
carry out the quotient however because the calculation of Hamiltonians can be carried out 
directly on (r, Q). 

III. GENERATORS OF ASYMPTOTIC POINCARE SYMMETRIES 

Let °e and °e' be any two flat co-frames in the phase space T and denote the corresponding 
space-time metrics by g° and g°'. Let V be a Killing vector field of g°. Then, it is easy to 
check that g°' admits a Killing vector V such that lim p — > oo (V — V) = 0. Killing vectors 
of any of these flat metrics will be referred to as asymptotic symmetries. 



2 Furthermore, even when such issues are discussed, one often considers only the restricted action £1(6, 6y ) 
of the pre-symplectic structure £1, where one of the tangent vectors, <5y, is associated with an asymptotic 
symmetry V a on M. because, as we will see, it is this restricted action that directly enters the discussion 
of conserved quantities. Typically the 3-form integrands of fl(6i,6y) on M. have a better asymptotic 
behavior than those of generic £1(61,62). However, unless £1(61,62) is well-defined for all 61,62, one does 
not have a coherent Hamiltonian framework and cannot start constructing conserved quantities. 
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Let V a be an asymptotic symmetry. Then, at any point (e, A) of T, the pair (Cye, 
of fields satisfies the linearized field equations, whence Sy := (Cye, CyA) is a vector field 
on r. (In the definition of the Lie-derivative, internal indices are treated as scalars; thus 
C v e T a = V b d b e I a + eld a V b .) The question is whether S v is a phase space symmetry, i.e., 
whether it satisfies C& v Vl = 0. 

Consider the 1-form Xy on V defined by 

Xy(8) =Q(8,8y). (3.1) 

Cs v = on T if and only if Xy is closed, i.e., 

dX v = 

where dl denotes the exterior derivative on (the infinite dimensional) phase space T. If this 
is the case then, up to an additive constant, the Hamiltonian is given by 

&H V = Xy. 

The constant is determined by requiring that all Hamiltonians generating asymptotic sym- 
metries at the phase space point (°e,A = 0) corresponding to Minkowski space-time must 
vanish. To calculate the right side of (3.1), it is useful to note the Cartan identities 

C V A — V-F + D(V ■ A) and C V T = V • DT + D(V ■ T) - [(V ■ A), E] (3.2) 

Using these, the field equations satisfied by (e, A) and the linearized field equations for 5, 
one obtains the required expression of Xy (see e.g. [13, 15]): 

X v (5) := n(5,5 v ) = — I Tr [(V ■ A) ST, + 5A A (V ■ E)] . (3.3) 

Note that the expression involves integrals only over the ci-2-sphere boundary of the 
Cauchy surface M (i.e., the intersection of M with the hyperboloid H at infinity); there is 
no volume term. This is a reflection of the fact that, because there are no background fields, 
all diffeomorphisms which are asymptotically identity represent gauge transformations. 



A. Energy-Momentum 

Let us begin by setting V a = T a , an infinitesimal asymptotic translation. Since 5T ~ 
l/p d ~ 3 , A ~ l/p d ~ 2 and since the area element of the ci-2-sphere grows as p d ~ 2 , the first 
term on the right side of (3.3) vanishes in the limit and we are left with 

X T (S) := n(S, 6 T ) = ^-(f Tr [8 A A (T • °E)] (3.4) 

which is manifestly well-defined. Furthermore, since °E and T are constant on the phase 
space T, we can pull the variation 8 out of the integral. The resulting Hamiltonian H T 
generating an asymptotic translation T a is then given by: 



H t = y k { Tr [A A (T ■ °T)] 



(3.5) 
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Had we selected a translational Killing field T a of another flat metric fj ab in our phase space 
T, we would have obtained the same answer because lim p ^ 00 (T a — T a ) = 0. 

Substituting for the leading order term n+1 A in the asymptotic expansion (2.3) of A, H T 
can be expressed in terms of the leading order co-frame field n e ab = n e a J °e bJ : 



Ht = lim — 

p^oo k J s 



p 



(p • T) (pn b d a ( n e ab ) - np a n b n e ab - pn a d a ( n e ab )) 
+ (n • T) (np a p b n e ab - n n e a a ~ pp" d a ( n e ab )) 



+nT a n b ( n e ab ) + pT a p b n c d c ("e a6 )j d a ~ 2 S (3.6) 

where S p is a d-2 sphere cross-section of the hyperboloid p = const, n a is the unit normal to 
S p within the hyperboloid and d n S is the area element of the unit <i-2-sphere. The terms 
with an explicit multiplicative factor of p have well-defined limits because d a n e ab falls off as 
1/p. Thus, energy-momentum is determined directly by the leading correction n e ab to the 
Minkowskian co-frame °e ab in the asymptotic expansion. Our boundary conditions required 
that n e ab be even under reflection. However, this condition is not needed to arrive at the 
expression (3.6). Indeed, an examination of the integrand shows that only the even part of 
n e ab contributes to this energy-momentum. This expression is 'universal' in the sense that it 
holds in all higher dimensions. In Appendix A 2 we show that it reduces to the more special 
expression derived in [1] in 4 dimensions using the Beig-Schmidt form of the metric. 

If T a is a unit time-translation, we can choose a hyperplane M which is orthogonal to 
it (with respect to 7] ab ) and let S p be the intersection of the hyperboloids p = const with 
M. Then, p ■ T vanishes and the remaining terms can be easily shown to equal the familiar 
expression of the ADM energy: 

Hr=i Li & qbc ■ ^ qab) qab dd ~ 2sc (3 - 7) 

where q ab is the intrinsic physical metric on the Cauchy surface M and d is the derivative 
operator compatible with a flat metric induced on M by r] ab . 

If T a is a space-translation, we can choose a hyperplane M (w.r.t. r] ab ) to which T a is 
tangential and let S p be the intersection of the hyperboloids p = const with M. Now, the 
pull-back Aa IJ to any Cauchy surface M of the Lorentz connection A a IJ satisfies Aj J n J = 
Kj where n a := e J a nj is the unit normal to M and K ab := K a J e b j is the extrinsic curvature 
of M. (See, e.g., Section 2.3.1 of [16].) Therefore, the expression of the Hamiltonian Hf 
generating a spatial translation simplifies to the more familiar form: 

H f =- I (K ab - Kq ah ) T a d d - 2 S b (3.8) 



B. Relativistic Angular Momentum 



Let us now set V a = L a , an infinitesimal asymptotic Lorentz symmetry. For definiteness, 
we will assume that it is a Lorentz Killing field of rj ab := r/jj "e^e^ so that it is tangential 
to the p = const hyperboloids Tt. 

The question is whether the vector field 5l on T is Hamiltonian. Let us begin by examining 
the 1-form X L on T. Using (3.3), we have: 
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X L (5) := Q(6,S L ) = — lim / TV [(L ■ A)8H + 5AA(L- E)] (3.9) 
2k p^oo J Sp 

where S p is a rf-2-sphere, the intersection of the p = constant hyperboloid TC P with the 
Cauchy surface M used to evaluate the symplectic structure. Now, as p tends to infinity 
A ~ p d ~ 2 , 5A ~ p d ~ 2 , E — > °E, 5E ~ p d ~ 3 and L ~ p. Therefore for d > 4, the first term 
vanishes in the limit. However, the second term in (3.9) is potentially divergent. It is here we 
use the parity condition on n e: Using the fact that this field is even under reflections, one can 
show that the potentially divergent term in fact vanishes. Furthermore, since the integral of 
A AC-5T, vanishes in the limit, we can take the variation 5 out of the integral and obtain the 
Hamiltonian Hl representing the component of the relativistic angular momentum along L: 

H L = ^- lim <f Tr(AAL-E), (3.10) 

2k p->oo J Sp 

To simplify further, one can use the form (2.3) of the leading order piece n+1 A of the con- 
nection and using reflection symmetry of n e show that its contribution to (3.10) vanishes. 
Therefore, we have: 

H L = ^- <f Tr ( n+2 A A L • °E) , (3.11) 

where L a = L a /p is the Lorentz Killing field on the unit hyperboloid (TC,h° b ). As in 4 
dimensions [1], in contrast to the energy momentum the angular momentum is not deter- 
mined by the leading order deviation of (e,A) from the ground state (°e,A = 0), but by 
sub-leading terms. 

Finally, if L a is a spatial rotation a , we can recast (3.10) in a more familiar form. In this 
case, only the part Af/nj of the connection contributes to the integral, where n a = n J e a j 
is the normal to the Cauchy surface M, chosen such that <p a is tangential to it, and the 
underbar below a denotes that this index is pulled back to M. As in the case of spatial 
momentum, one notes the relation between the Lorentz connection A a IJ and the extrinsic 
curvature K a b on M to rewrite (3.10) as: 

Hj, = - lim / (K ab - Kq ab ) <j) a d d ~ 2 S b (3.12) 
K p->°°Js p 

IV. DISCUSSION 

In this paper we have shown that in the first order formalism based on co-frames and 
Lorentz connections, the Lagrangian and Hamiltonian frameworks can be constructed with- 
out having to introduce an infinite counter term subtraction in the action. The analysis was 
considerably simpler than the four dimensional case [1] because of absence of logarithmic 
translations and super translations in higher dimensions. 

For simplicity, in this paper we focused on vacuum Einstein's equations. However, in- 
clusion of standard matter — in particular, scalar, Maxwell and Yang-Mills fields — with 
standard boundary conditions used in Minkowski space is straightforward. There are no 
surface terms in the action associated with matter. Similarly, the expressions of the Hamil- 
tonians generating asymptotic Poincare transformations are the same as the ones we found 
in section III. In particular, the Hamiltonians consist entirely of ci-2-sphere surface integrals 
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at spatial infinity and their integrands do not receive any explicit contributions from matter. 
Matter makes its presence felt through constraint equations which, in response to matter, 
modify the asymptotic gravitational fields. 
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APPENDIX A: EXAMPLES 

1. The Schwarzschild Metric 

In this Appendix we show that d-dimensional Schwarzschild space-times satisfy our 
boundary conditions. 

Recall that the schwarzschild line element can be expressed as 

^ 2 = -d - ^)* 2 + (1 - ^S)- 1 * 2 + rW (Al) 
Where Q is the unit solid angle. We can recast this expression in terms of our variables as: 

nj 2 

ds 2 = °ds 2 + — + 0(p~2) (A2) 

where °ds 2 is the flat (Minkowski) metric adapted to the (t,r, $*) coordinates and 

n ds 2 = rr"^ [(sinh 2 x + cosh 2 x)dp 2 + 4pcosh(x) sinh(x)dpdx + p 2 (sinh 2 x + cosh 2 x)dx 2 ] 

cosh(x) 

(A3) 

Note that the leading-order deviation from the flat metric contains is an off-diagonal, dpdx 
term. It is often assumed (see, e.g. [4, 11]) that this off-diagonal term is absent because we 
know from general considerations that it is possible to eliminate it by a suitable redefinition 
of coordinates [8]. However, it is not trivial to carry out this step explicitly even for the 
Schwarzschild metric. But it is easy to construct a co-frame compatible with this metric 
satisfying the boundary conditions of section II: 



V- M 



(sinh 2 x + cosh 2 x)pap I + - sinh(x) cosh(x) PaX 7 + ^(sinh 2 x + cosh 2 x)XaX I 



P P 2 



a cosh(x) 

(A4) 

The boundary condition on the leading-order, non-trivial contribution, n+1 A^ J of the con- 
nection A 1 ^ is readily satisfied because the connection is everywhere compatible with the 
co-frame. 

Inserting the expression (A4) of the co-frame into our expression (3.6) for energy- 
momentum and (3.11) of angular momentum we find that we recover the expected result: 
E = M, P ■ f = 0, H L = 0. 
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2. 4-dimensions: Beig-Schmidt form 

In 4 dimensions, one makes an extensive use of a the 'Beig-Schmidt form' of the metric: 

ds 2 = (1 + ^)dp 2 + (1 - y ) p 2 h ab dx a dx b + o(p~ 1 ) (A5) 

where h a b is the metric on the unit hyperboloid. It is easy to construct a co-frame compatible 
with this metric by setting: 

V a = a(2p a p I - %{) (A6) 

In [1], this asymptotic form of the co- frame was used to obtain an expression for energy- 
momentum in terms of o and angular momentum in terms of the sub-leading term 3 A in the 
expansion of the Lorentz connection. In this paper, on the other hand, we have obtained 
more general forms of these conserved quantities without assuming the Beig-Schmidt form 
of the metric. Do these more general forms directly reduce to those obtained in [1] in 4 di- 
mensions once the co-frames are assumed to admit the Beig-Schmidt form? The answer is in 
the affirmative: our expression (3.6) of energy-momentum and (3.11) of angular momentum 
of section III directly simplify to yield 

E = - I adS Q (A7) 
K Js 00 

P-f= 2 -l {^)^clS (A8) 

Jl = ^1 (L ■ °E„) A 3 A IJ . (A9) 

These are exactly the same expressions that we found in [1]. Note, however, that in 4- 
dimensions the Beig-Schmidt form was essential to eliminate ambiguities arising from the 
logarithmic translations and super translations and to ensure that the symplectic structure 
is well-defined. It is just that the final expressions of conserved quantities have the same 
'universal' form that we found in this paper for higher dimensions. 
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